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Previous works on black hole shadows have been primarily focused on studying shadows in asymp-
totically flat and anti-de Sitter space times. In the present work, we find general expressions for
asymptotically de Sitter black hole shadow as seen by static and comoving observers, for any spher-
ically symmetric black hole solution, in any space time dimension in generic theories of gravity. As
test cases, we use the derived general expressions to study the shadow of three different black hole
solutions: the four dimensional Reissner-Nordstro¨m de Sitter black hole, the recently proposed four
dimensional Gauss Bonnet de Sitter black hole and the five dimensional Gauss Bonnet de Sitter
black hole.
INTRODUCTION
Black holes are one of the simplest objects in General
Relativity, they are described by only a few parameters.
Yet, they are fascinating and deserve attention on their
own merit simply because they shed lights into the clas-
sical and quantum nature of spacetime. Although there
were many seminal works to understand black holes the-
oretically, observational evidence to prove their existence
has been scarce. Very recently, with the detection of
gravitational waves from the merger of two black holes
[1–3], we have obtained the first evidence of the existence
of black holes. Apart from these, evidences of existence
of supermassive central objects at the centre of many
galaxies, including our own, have come from various as-
trophysical data [4, 5], pointing towards the existence of
black holes too. Still, all these evidences for existence of
black holes can be thought of as indirect evidences, in the
sense that one is not really ‘seeing’ (spatially resolving)
the object in the sky. Therefore, a direct observational
evidence of the existence of black holes is to observe its
shadow as was proposed in [6, 7] for the ultimate probe
of its photon sphere and has recently been performed by
the Event Horizon Telescope (EHT) collaboration [8–13].
The shadow of a black hole is nothing but an image of
the photon sphere which is gravitationally lensed by the
presence of extremely strong gravitational field around
the black hole and projected on the local sky of an ob-
server. In other words, any compact object can cast a
shadow showing its optical appearance because of the
strong gravitational field created by the compact object
itself. The strong gravitational field affects everything
including photons. It bends the light paths and thereby
acts as a lens and distorts the image. Photons from any
source behind the compact object can cast a shadow on
a plane to be seen by an asymptotic observer at infin-
ity. It has been found out that the shadows of spheri-
cally symmetric black holes are in general circular and
that of rotating black holes are not precisely circular but
are deformed in shape [7, 14, 15]. The variety of shad-
ows from different black hole spacetimes are found to
be dependent on the spin parameter (in case of rotat-
ing black holes), the configuration of the light emission
region near the black hole and on the inclination angle
of a black hole [16]. In [16], the authors introduced two
new observables characterising the apparent shape of the
shadow and showed that the spin parameter and incli-
nation angle of a Kerr black hole can be extracted by
observing the shadow. Afterwards, there was a renewed
interest in studying shadows of black holes and compact
objects in different theories of gravity along with black
holes arising in Einstein’s General Relativity, in a widely
varied manner and from different perspectives and in dif-
ferent spacetime dimensions. Studies in different direc-
tions such as: apparent shapes of black hole shadows
with different black hole configurations and in different
spacetime geometries [17–21], shadows of non-rotating
and rotating black hole spacetimes in different modified
theories of gravity [22–33], constraining charge of a black
hole from the study of shadows [34], black hole shadows
in dynamically evolving spacetimes [35], shadows of ro-
tating regular black holes[36], proposing new methods of
calculating black hole shadows [37], shadows of quantum
corrected black holes and their relation to quasi-normal
modes [38–40] were performed.
Recent imaging of the black hole horizon at the cen-
tre of the M87∗ galaxy by the Event Horizon Telescope
(EHT) collaboration [8] has opened up the possibility to
probe compact objects, search for new phenomena and
learn more about their nature. In a series of papers [8–
13], the collaboration has described the instrumentation,
data processing, imaging techniques, theoretical interpre-
tation and parameter estimation process for the central
massive black hole. The EHT is a large telescopic array
consisting of a network of radio telescopes throughout the
world. By combining a huge set of data from several very
long baseline interferometry stations from all over the
world, it is possible to achieve angular resolution which
enables one to observe objects of the size of the event
horizon of a supermassive black hole. This pathbreaking
discovery has naturally attracted a lot of interest in the
area of study of shadows of compact objects recently. A
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2number of studies ([17–40]) were performed already be-
fore the construction of the first image for a wide class
of spacetimes. The flurry of work began after the con-
struction of the first image and within a short span of
time several interesting and fruitful papers appeared in
the literature, focusing on different features of black hole
shadows [41–43], observational signatures of exotic com-
pact objects [44–46], tests of General Relativity using the
shadow of black holes [47–52], spin measurements of ro-
tating black holes using shadows [53, 54], black hole shad-
ows in different modified theories of gravity [55–57], EHT
constraint on the ultralight scalar hairs [58–62], modifica-
tions of spinning and non-spinning black hole spacetimes
inspired by asymptotically safe quantum gravity and its
effect on black hole shadow [63] . Although the particular
area of study on black hole shadows includes all differ-
ent asymptotic structures of spacetime, surprisingly we
found that there has not been much work related to black
holes in asymptotically de Sitter spacetime except for a
few [64–66]. Since our universe is known to be expand-
ing [67–70], it is important to study the asymptotically
de Sitter spacetime more closely and see how the shadow
of a black hole would change with the cosmic expansion.
An interesting study in this respect, for the Schwarzschild
de Sitter spacetime, has been recently performed in [64]
(and a work on shadows in the Kerr de Sitter spacetime
in [65] and light escape cones in certain special class of
reference frames in [66]). In this work, the authors con-
sider two different classes of observers: static observers,
whose spatial position is fixed and observers comoving
with the cosmic expansion. The shadow with respect
to the comoving observer has been found by performing
a coordinate transformation to go from the asymptoti-
cally de Sitter black hole metric to a form of expanding
universe metric with a black hole embedded in it. This
type of transformation was first studied in [71] for the
Schwarzschild de Sitter spacetime. We would be gener-
ally referring to such transformations as McVittie type
transformation, from here onwards. As a first step, the
above transformation requires expressing the black hole
metric in an isotropic form. But it is not always possible
to find a closed form solution for any general black hole
metric in an isotropic form, let alone in a McVittie type
coordinate system. This raises the question: is it possi-
ble to find an expression for the shadow with respect to a
comoving observer for black hole metric without a closed
form solution for the isotropic transformation function?
Interestingly, we found that one can indeed find the co-
moving shadow even without knowing the exact trans-
formation functions as mentioned above.
There has always been interests in black holes in mod-
ified theories of gravity (see [72, 73] for reviews) and in
particular in theories containing higher curvature correc-
tions to Einstein-Hilbert action, e.g. in several devel-
opments in string theory [74]. In this work, along with
one black hole background (Reissner-Nordstro¨m de Sit-
ter) arising out of Einstein’s General Relativity, we also
focus on black holes in Gauss Bonnet gravity in asymp-
totically de Sitter spacetime. With the recent discov-
ery of a four dimensional Gauss Bonnet de Sitter (GB
dS) [75] solution, we focus on the same, along with the
shadow of GB dS black hole in higher dimensions (in this
paper we focus on d = 5 only) too.
The paper is structured as follows: we start with a
discussion of the velocity of the comoving observer with
respect to the static observer and find a general expres-
sion for the velocity in Section I following the method-
ology prescribed by [64], but extending it to arbitrary
spherically symmetric black holes. Using the results of
Section I, we find the expressions for the static and co-
moving shadow in a generic four dimensional spherically
symmetric black hole in de Sitter spacetime. In Section
II and apply this to study the shadow of the Reissner-
Nordstro¨m-de Sitter (RN-dS) black hole and the four di-
mensional Gauss Bonnet de Sitter black hole spacetime.
In Section III, we find a general expression for shadow
in higher dimensions (we confine to five dimensions only
for this purpose, but it can in principle be generalised to
d > 5) and find the shadow of the Gauss Bonnet de Sitter
black hole spacetime. We conclude our work in Section
IV. Throughout the rest of the work we will be using
G = c = 1 system of units, unless mentioned otherwise.
VELOCITY OF COMOVING OBSERVERS WITH
RESPECT TO A STATIC OBSERVER
We consider a spherically symmetric spacetime de-
scribing an asymptotically de Sitter black hole solution
in d-spacetime dimensions. The metric is written in a
general form as
ds2 = −h(r)dt2 + f(r)dr2 + r2dΩ2d−2 (1)
where dΩ2d−2 is the line element of the (d−2) dimensional
unit sphere. It should be noted that this metric must re-
sult from the Einstein’s equations in a well-defined grav-
ity theory with a cosmological constant and for a well-
defined stress-energy tensor. The functions h(r) and f(r)
are parameterized by the black hole parameters and the
cosmological constant Λ.
The original de Sitter metric and the zero-curvature
FLRW solution is related by a coordinate transforma-
tion. We would like to express the black hole de Sitter
metric of Eq. (1) in a McVittie type coordinate system
[71] i.e. in the form of a black hole solution embedded in
an expanding universe. The observers on constant spa-
tial curves in this spacetime moves along with the cos-
mic expansion and hence defines the ‘comoving’ class of
observers. To express Eq. (1) in such a coordinate sys-
tem, it would be convenient to express the asymptotically
flat black hole metric in an isotropic form and use these
coordinates further, such that it is easier to relate the
3isotropic metric of the expanding universe and the black
hole metric via the McVittie type coordinates. Following
this, we define two functions, h0(r) and f0(r), such that
h0(r) = h(r)|Λ=0 and f0(r) = f(r)|Λ=0. The black hole
solution in the asymptotically flat case therefore is given
by
ds2flat = −h0(r)dt2 + f0(r)dr2 + r2dΩ2d−2 (2)
We can then consider a coordinate transformation of the
radial coordinate r → r˜, to express the metric in Eq. (2)
in an isotropic form. When written in isotropic form, Eq.
(2) should look like
ds2flat = −h0(r)dt2 + g2(r˜)(dr˜2 + r˜2dΩ2d−2) (3)
Note that the gtt component would have some other form
in the new coordinate system, say k(r˜), but we have re-
tained it in the original coordinates since h0(r) = k(r˜).
Comparing Eq. (2) and Eq. (3) we get
r2 = g2(r˜)r˜2, (4)
f0(r)dr
2 = g2(r˜)dr˜2 (5)
Therefore, we can express the differential element of r in
terms of the differential of r˜ as
dr =
r
r˜
√
f0(r)
dr˜ (6)
Note that there would a positive and negative solution
to the above equation but we chose the positive solution
since we physically require drdr˜ ≥ 0. Now expressing Eq.
(1) in this new coordinate system we get
ds2 = −h(r)dt2 + f(r)r
2
f0(r)r˜2
dr˜2 + g2(r˜)r˜2dΩ2d−2 (7)
Following McVittie’s work [71], we make another coordi-
nate transformation
r˜ = rca(tc) (8)
where a(tc) is the cosmic scale factor which reduces to
unity in the case Λ = 0. Taking the differential of Eq.
(8) we get
dr˜ = a
(
a˙
a
rcdtc + drc
)
(9)
where a dot represents a derivative with respect to the tc
coordinate. The transformation of the original temporal
coordinate t to these new coordinates (tc, rc) is taken in
some general form as
dt = B(tc, rc)dtc + C(tc, rc)drc (10)
Expressing Eq. (7) in this new coordinate system we get
ds2 = −
(
hB2 − fr
2a˙2
f0a2
)
dt2c +
(
fr2a2
f0r˜2
− hC2
)
dr2c
+2
(
a˙fr2
af0rc
− hBC
)
dtcdrc + g
2r˜2dΩ2d−2 (11)
We now impose two conditions on the metric in Eq. (11):
firstly the metric should be isotropic and secondly, it
should be diagonal. These two conditions are motivated
by the fact that both the spherically symmetric black
hole metric and the metric for the expanding universe
are diagonal, and since we are using the isotropic r˜ coor-
dinates, both metrics should also be isotropic. Requiring
the condition that the metric should be isotropic, the
metric functions in Eq. (11) should satisfy grr=gθθ/r
2
c .
Solving this, we get
C(tc, rc) =
r
rc
√
h(r)
(
f(r)
f0(r)
− 1
)1/2
. (12)
Equating the off diagonal term, of the metric in Eq. (11),
gtr=0 and using Eq. (12), we get
B(tc, rc) =
a˙(tc)rf(r)
a(tc)f0(r)
√
h(r)
(
f(r)
f0(r)
− 1
)−1/2
. (13)
Therefore the transformation from the original coordi-
nates (t, r) to (tc, rc) is given by using Eq. (6), (9), (10),
(12) and (13) as
dt =
a˙(tc)rf(r)
a(tc)f0(r)
√
h(r)
(
f(r)
f0(r)
− 1
)−1/2
dtc
+
r
rc
√
h(r)
(
f(r)
f0(r)
− 1
)1/2
drc
(14)
dr =
a˙(tc)r
a(tc)
√
f0(r)
dtc +
r
rc
√
f0(r)
drc (15)
With the above transformation, the metric in Eq. (11)
has the required behaviour i.e. in the case of Λ = 0,
it reduces to the black hole solution and in the case of
all the black hole parameters going to zero, it reduces
to the form of the isotropic expanding universe solution.
Now, we follow a similar approach as in [64] to find the
comoving velocity. Writing the above in Gaussian vector
form we get
∂
∂tc
=
a˙(tc)rf(r)
a(tc)f0(r)
√
h(r)
(
f(r)
f0(r)
− 1
)−1/2
∂
∂t
+
a˙(tc)r
a(tc)
√
f0(r)
∂
∂r
(16)
rc
∂
∂rc
=
r√
h(r)
(
f(r)
f0(r)
− 1
)1/2
∂
∂t
+
r√
f0(r)
∂
∂r
(17)
The velocity of a comoving observer with respect to a
static observer is given by the special-relativistic formula
gµνU
µ
statU
ν
comov =
−1√
1− v2 (18)
4where Uµstat and U
ν
comov are the velocity vectors of the
static and the comoving observers, written in the Gaus-
sian unit vectors form as
Uµstat
∂
∂xµ
= Nstat
∂
∂t
(19)
Uµcomov
∂
∂xµ
= Ncomov
∂
∂tc
= Ncomov
(
a˙(tc)rf(r)
a(tc)f0(r)
√
h(r)
(
f(r)
f0(r)
− 1
)−1/2
∂
∂t
+
a˙(tc)r
a(tc)
√
f0(r)
∂
∂r
)
, (20)
where Nstat and Ncomov are just normalisation factors
determined by the normalisation condition gµνU
µUν =
−1, as
Nstat =
1√
h(r)
, (21)
Ncomov =
a(tc)
a˙(tc)r
(
1− f0(r)
f(r)
)1/2
. (22)
Substituting all this information in Eq. (18), we get the
velocity of the observer comoving with the cosmic expan-
sion with respect to the static observer as
vcomov =
√
1− f0(r)
f(r)
(23)
Thus, we see that the comoving velocity does not depend
explicitly on the transformation functions or the scaling
function a(tc), but only depends on the metric function
f(r). For any general spherically symmetric black hole
solution in an asymptotically de Sitter universe, we could
find the velocity of the comoving observer with respect
to the static observer using the above expression.
SHADOW OF BLACK HOLES IN FOUR
DIMENSIONS
In four space time dimensions, we can write the metric
Eq. (1) as
ds2 = −h(r)dt2 + f(r)dr2 + r2dθ2 + r2 sin2 θdφ2. (24)
We have chosen to work with the forms of h(r) and f(r)
in the above metric which describes a black hole solution
in an asymptotically de Sitter universe. Hence, there
should be at least two roots of the equation h(r) = 0
corresponding to the position of the event horizon r+ and
the cosmological horizon rc+. Using the Hamilton-Jacobi
formalism and exploiting the symmetries of the system,
the null geodesics in this spacetime is described by a set
of equations as
t˙ = h−1(r), (25)
φ˙ =
ηφ
r2 sin2 θ
, (26)
r˙2 + Veff(r) = 0, (27)
r4θ˙2 = χ− η2φ/ sin2 θ, (28)
where χ and ηφ are two constants of motion related to the
conserved energy and angular momentum of the photons
and the dot represents a derivative with respect to the
affine parameter. The function, Veff (r) is the effective
potential for the radial motion and is defined as
Veff(r) =
(
χ
r2f(r)
− 1
f(r)h(r)
)
. (29)
The shadow contour of a black hole is formed by the un-
stable orbiting photons around the black hole, for which
Veff(rp) = 0, V
′
eff(rp) = 0 and V
′′
eff(rp) < 0, with rp being
the position of the unstable photon orbit or the radius
of the photon sphere. Solving Veff(rp) = 0 for rp, we get
the radius of the photon sphere. Black hole spacetimes
are known to feature photon spheres and hence it is al-
ways possible to find at least one real positive root of the
above equation outside the event horizon. Substituting
this value in the second condition, V ′eff(rp) = 0, we solve
for the constant of motion, χ, for the unstable orbiting
photons.
Now consider an observer, fixed at some spatial po-
sition O at the equatorial plane (ro, θo = pi/2, φo) such
that rp ≤ ro ≤ rc+. Note that the observer must be lo-
cated outside the photon sphere for the shadow contour
to be visible. Since the system is spherically symmetric,
we could consider the photon geodesics in the equatorial
plane without any loss of generality. The shadow contour
of the black hole in the local sky of the observer is formed
by the unstable photon orbits. The angular radius Ω of
the shadow contour is given by
tan Ω = lim
∆x→0
∆y
∆x
(30)
where (x, y) are coordinates directed towards the radial
and azimuthal direction in the locality of the observer
(see Fig. 3 from [64]). From the metric in Eq. (24), we
can therefore write this in the form
tan Ω =
ro sin θo√
f(ro)
(
dφ
dr
)
o
(31)
Squaring both side of Eq. (31) and using the geodesic
equations, Eq. (26) and Eq. (27), to obtain (dφdr ) we get
tan2 Ω =
−χp
r2of(ro)Veff (ro)
(32)
5where, χp is the constant of motion for the unstable orbit-
ing photons found in the previous section. Therefore, the
angular radius for the shadow of a spherically symmetric
black hole in four space time dimensions with respect to
a static observer at O is given by
sin2 Ω =
h(ro)χp
r2o
(33)
The angular radius of the shadow with respect to the
comoving and the static observer is related by the aber-
ration formula
sin2 Ωcomov = (1− v2) sin
2 Ω
(1− v cos Ω)2 (34)
where, v = vcomov is the velocity of the comoving observer
with respect to the static observer. Using the expression
for the comoving velocity from Eq. (23), we get the gen-
eral expression for the angular radius of the shadow of
an asymptotically deSitter black hole with respect to a
comoving observer as
sin2 Ωcomov =
f0(ro)
f(ro)
χph(ro)/r
2
o(
1±
√
1− f0(ro)f(ro)
√
1− χph(ro)r2o
)2
(35)
Note that the above formula reduces to Eq. (36) from [64]
in case of Schwarzschild de Sitter metric. As an example,
we apply this formula to study the shadow of the Reissner
Nordstro¨m de Sitter black hole and the four dimensional
Gauss Bonnet de Sitter black hole in the next subsection.
Shadow of the Reissner-Nordstro¨m de Sitter black
hole
The Reissner Nordstro¨m de Sitter black hole spacetime
is given by substituting the metric functions h(r) and
f(r) in Eq. (24) with
h(r) = f−1(r) = 1− 2M
r
+
Q2
r2
− Λ
3
r2 (36)
where M and Q denotes the black hole mass and charge
respectively. The effective potential for radial motion of
photons in this spacetime is given using Eq. (29) as
Veff (r) =
χh(r)
r2
− 1 (37)
We solve the unstable photon geodesic condition using
this equation numerically to find rp and χ. Fig. 1 and
Fig. 2 plots the behaviour of the static and comoving
angular radius with the radial position r of the comoving
observer for different values of the Hubble constant, H0
(=
√
Λ/3). Fig. 3 plots the comoving shadow for different
values of the black hole charge.
FIG. 1. The figure plots the behaviour of the static angular
radius of the shadow with ro for M = 1, Q = 0.5 and six
different values of H0
FIG. 2. The figure plots the behaviour of the comoving an-
gular radius of the shadow with ro for M = 1, Q = 0.5 and
six different values of H0
The static observers are constrained to stay between
the two horizons, r+ and r
c
+, of the spacetime. Note that
the static shadow reflects this fact in Fig. 1 by approach-
ing 0 at the cosmological horizon. On the other hand, the
comoving observer can exist outside of the cosmological
horizon and hence the comoving shadow is extended till
spatial infinity, reaching a constant value asymptotically.
The asymptotic behaviour of the comoving shadow in
the Reissner Nordstro¨m de Sitter spacetime is given by
a simple expression:
lim
ro→∞
sin2 Ωcomov =
1
1 + 1/H20χp
(38)
The asymptotic behaviour of the static shadow could
only be defined if the cosmological horizon rc+ is very
far away such that the radial position of the static ob-
server could be taken to be very large. If rc+  M is
satisfied, such that ro M is valid, then the asymptotic
6FIG. 3. The figure plots the behaviour of the comoving an-
gular radius of the shadow with ro for M = 1, H0 = 0.15 and
six different values of Q
shadow for a far away static observer is given by
lim
rom
sin2 Ω =
(
1
r2o
−H20
)
χp. (39)
For a black hole with a fixed mass and charge, the asymp-
totic shadow, with respect to the comoving observer, de-
pends only on the cosmological constant, as shown in
Fig. 2 and hence could be used as a probe to determine
the value of H0. Note that in case of the Reissner Nord-
stro¨m de Sitter spacetime, χp is independent of H0 and
hence the entire dependence of the asymptotic shadow
on the Hubble’s constant comes from the H20 factor in
the denominator of Eq. (38).
Shadow of the four dimensional charged Gauss
Bonnet de Sitter black hole
There has always been interests in black holes in theo-
ries containing higher curvature corrections to Einstein-
Hilbert action, motivated for example, in string theory
[74]. It is well-known that low energy limits of string
theories give rise to effective gravity models in higher
dimensions and most of such models of gravity involve
higher powers of the Riemann tensor in the action in
addition to the usual Einstein-Hilbert term [76]. In this
sense, the term acts like a modification of usual Einstein’s
theory of General Relativity. Among these higher pow-
ers of Riemann curvature, the Gauss Bonnet combination
is of special interest. The Gauss Bonnet term has also
gained importance in the context of studying quantum
field theory in curved space time [77]. It is often very
hard to find analytical solutions to Einstein’s equations
in such theories owing to the coupled non-linear nature
of these equations and hence theories which does provide
analytical solutions are of special interest. One such class
of modified gravity theories is the Gauss Bonnet gravity
theory. This particular theory has also gained special in-
terest because of the fact that even if the action contains
higher derivative terms, the equations of motion result-
ing from the action has no more than second derivatives
of the metric and there exists exact analytical solutions
with spherical symmetry [78, 79].
FIG. 4. The figure plots the behaviour of the comoving an-
gular radius of the shadow of 4 dimensional charged GB dS
black hole with ro for M = 1, Q = 0.5 and six different values
of H0
FIG. 5. The figure plots the behaviour of the comoving an-
gular radius of the shadow of 4 dimensional charged GB dS
black hole with ro for M = 1, Q = 0.5 and six different values
of H0
Until recently, black holes in Gauss Bonnet gravity the-
ories could only be defined for d ≥ 5 dimensions (we also
study the five dimensional case in the next section), since
the Gauss Bonnet term
LGB = RµνγδRµνγδ − 4RµνRµν +R2, (40)
is a total derivative in d = 4 dimension and hence it does
not have any contribution to gravitational dynamics in
four dimension. But recently, Glavan and Lin formulated
in their study [75] an Einstein-Gauss Bonnet theory in
four dimension by taking a rescaled coupling constant
7α → 16piα/(d − 4) and defining the theory as a d → 4
limit of a higher dimensional theory. This theory admits
a spherical charged asymptotically de Sitter black hole
solution given by the metric functions [75],
h˜(r) = f˜−1(r) = 1+
r2
2α
(
1±
√
1 +
8αM
r3
− 4Q
2
r4
+ 4αH20
)
(41)
This has recently attracted a lot of interest and many
studies regarding quasi-normal frequencies, shadows etc.
[85–92]. In our study, we consider the branch with the
negative sign with a positive coupling constant α in the
above equation. We plot the static and the comoving
shadow of the four dimensional Gauss Bonnet de Sitter
black hole in Fig. 4 and Fig. 5 with the observer position
ro for different values of the cosmological constant H0.
The asymptotic behaviour of the comoving and static
shadow could be written in a similar form as the Reissner
Nordstro¨m de Sitter case
lim
ro→∞
sin2 Ωcomov =
1
1 + 1/H2effχp
, (42)
lim
rom
sin2 Ω =
(
1
r2o
−H2eff
)
χp, (43)
where we define an effective Hubble’s constant Heff as
H2eff =
1
2α
(
√
1 + 4αH20 − 1). (44)
A noticeable difference in this case and the RN-dS case
is the dependence of the asymptotic behaviour of the
comoving shadow on the cosmological constant. This is
explained by looking at the above equations, whereas in
case of RN-dS black hole, the asymptotic value of the
shadow depends on H20 , here it depends on H
2
eff , which
in turn depends on root of H20 .
SHADOW OF BLACK HOLES IN FIVE
DIMENSIONS
In this section we would like to focus on the method
that has been employed to study shadows of higher di-
mensional black holes. For our purpose and for simplicity,
we focus on five dimensional case, however this result is
easily generalised in d-dimensional space time also.
The general spherically symmetric spacetime in five
dimensions is given by
ds2 = −h(r)dt2 + f(r)dr2 + r2dΩ23, (45)
where dΩ23 is the line element on the unit 3-sphere, writ-
ten in the Hopf coordinates as
dΩ23 = dθ
2 + sin2 θdφ2 + cos2 θdψ2, (46)
with θ ∈ [0, pi/2] and ψ, φ ∈ [0, 2pi]. The null geodesics in
a five dimensional spacetime can be written as
t˙ = h−1(r), (47)
φ˙ =
ηφ
r2 sin2 θ
, (48)
ψ˙ =
ηψ
r2 cos2 θ
, (49)
r˙2 + Veff (r) = 0, (50)
r4θ˙2 = χ− η2φ/ sin2 θ − η2ψ/ cos2 θ, (51)
where χ, ηφ and ηψ are three constants of motion. The
effective potential, Veff (r), is given by
Veff (r) =
(
χ
r2f(r)
− 1
f(r)h(r)
)
(52)
The photon sphere radius rp and the constant of motion
χp for the unstable photon orbits could be found from
the effective potential, as described previously. Once
again, exploiting the spherical symmetry of the problem,
we consider the null geodesics on the θ = pi/2 hypersur-
face only, without loss of generality. But for the θ = pi/2
hypersurface, ηψ = 0 (following Eq. (49)) and hence the
geodesic equations for the 5-dimensional case, Eq. (47-
51), reduces to similar form as that for the four dimen-
sional case. Therefore, the general expression obtained
for the static shadow and the comoving shadow for the
four dimensional case, Eq. (33) and Eq. (35), are also
valid for the five dimensional case. We will now apply
these expressions to find the shadow of the 5D GBdS
black hole.
Shadow of charged Gauss Bonnet de Sitter black
holes in five spacetime dimensions
The spherically symmetric solution of the Einstein-
Hilbert action coupled to the Maxwell field, the Gauss
Bonnet term Eq. (40) and a positive cosmological con-
stant Λ = (d − 1)(d − 2)H20/2 in d = 5 dimensions is
given by substituting the metric functions in Eq. (45):
h(r) = f−1(r) = hGB(r) with the function hGB being
given by [79, 80]
hGB = 1 +
r2
4α
(
1±
√
1 + 8αH20 +
64Mα
3pir4
− 2Q
2α
3pir6
)
(53)
Here, α is the Gauss Bonnet coupling, M is the mass
and Q is the charge of the black hole. Note that despite
having a positive cosmological constant, the system has
two branches, corresponding to the two signs in Eq. (53),
with asymptotic dS (negative sign) and AdS (positive
sign) behaviour. It has been shown that the spacetime is
unstable for the branch with the positive sign [78] and for
d ≥ 6 [80]. Hence, we are interested in the branch with
8FIG. 6. The figure plots the behaviour of the static angular
radius of the shadow of charged Gauss Bonnet dS black hole
with ro for M = 1, Q = 0.5, α = 0.31 and six different values
of H0
negative sign in Eq. (53) and α ≥ 0. Fig. 6 and 7 plots
the behaviour of the static and the comoving shadow.
Note that the variation in the shadow due to different
values of Q is insignificant and hence we don’t explicitly
show it here.
FIG. 7. The figure plots the behaviour of the comoving an-
gular radius of the shadow of the charged Gauss Bonnet dS
black hole with ro for M = 1, Q = 0.5, α = 0.31 and six
different values of H0
Note that similar to the Reissner Nordstro¨m de Sitter
case and the four dimensional Gauss Bonnet de Sitter
case, the static observers are constrained between the
horizons and this feature is showcased by the termination
of the static shadow at the cosmological horizon in Fig.
6, whereas the comoving shadow approaches a constant
value as the observer tends to spatial infinity in Fig. 7.
The asymptotic behaviour of the comoving and static
shadow of the five dimensional charged Gauss Bonnet de
Sitter spacetime could be written with a similar equation
as the four dimensional case, with the effective Hubble’s
constant Heff replaced by
H2eff =
1
4α
(
√
1 + 8αH20 − 1). (54)
We notice that the asymptotic value of the comoving
shadow has a smaller dependence on the cosmological
constant than the 4-dimensional case, despite having
pretty similar expression. Note that the coupling con-
stant, α, for the 5-dimensional and the 4-dimensional
Gauss-Bonnet de Sitter black holes are different. There
exists a scaling of 16pi, as described previously, and hence
the coupling constant in the four-dimensional case is
greater than the five-dimensional case. This is reflected
in the relatively larger variation of the asymptotic be-
haviour of the shadow for the 4-dimensional case as com-
pared to the 5-dimensional case.
The effective graviton metric and the graviton
shadow
It is known that in gravity theories where higher or-
der curvature terms are considered, the photon and the
graviton have different geodesics. This is a consequence
of the fact that the causal structure of Lovelock theories
(Gauss Bonnet gravity being one such example) are dif-
ferent from that of General Relativity [81–84]. In higher
curvature theories, the characteristic hypersurface deter-
mining the causal structure of a system are non-null sur-
faces. These characteristics hypersurfaces turn out to
be null only with respect to a different effective metric.
The ‘effective metric’ for the gravitational degrees of free-
dom is different from the background metric in case of
higher curvature theories [84]. Thus, it would be inter-
esting to study the dynamics of graviton propagation in
higher order gravity theories and hence define a ‘Gravi-
ton Shadow’ following the concept of the photon shadow
for black holes. A study of the graviton shadow for the
Gauss Bonnet black hole in asymptotically flat spacetime
is given in [35]. For the sake of completeness, we give a
brief discussion of the same in the asymptotically de Sit-
ter case.
The effective graviton metric for the Gauss Bonnet
black hole in asymptotically de Sitter space is given by
[84]
ds2eff = −h¯(r)dt2 + f¯(r)dr2 + k¯(r)dΩ23 (55)
where the functions h¯(r), f¯(r) and k¯(r) are as follows
h¯(r) = hGB(r)
(
1− 2αh
′
GB(r)
r
)
, (56)
f¯(r) =
1
hGB(r)
(
1− 2αh
′
GB(r)
r
)
, (57)
k¯(r) = r2(1− 2αh′′GB(r)), (58)
9FIG. 8. The figure shows the photon shadow (red) vs the
graviton shadow (blue) of a Gauss Bonnet black hole pro-
jected on the local sky of an observer, at ro = 3.9277, with
local coordinates (x, y). Rp = 1.58912 and Rg = 1.55747 with
H0 = 0.15, α = 0.001, M = 1, Q = 0.5. The event horizon is
shown in black.
where a dash denotes differentiation with respect to r.
To maintain the hyperbolicity of the metric and thus pre-
serve causality, the terms inside parenthesis in Eq. (56)
and Eq. (58) must have the same sign. Moreover, in
d = 5 dimensions, it has been found that these functions
are always positive [84]. Next, we expand the effective
potential for the radial graviton propagation in terms of
α and keep upto the first order terms. This is because
the entire problem with the exact potential is very com-
plicated and solving the instability conditions, even using
numerical approach, becomes very hard. Solving the in-
stability conditions with the approximate potential, we
plot the graviton shadow along with the photon shadow
in Figure 8.
CONCLUSION
We studied the shadow of a general spherically sym-
metric black hole in asymptotically de Sitter space time,
i.e. with a positive cosmological constant. It is to be
stressed that our approach of computing shadows does
not require the knowledge of the exact McVittie type
transformation of the black hole spacetime. Another
caveat in finding the comoving shadow lies in the fact that
one needs to find a closed form isotropic transformation
function, which, many times is not possible to get. In this
work, we have shown that even without knowing the ex-
act McVittie type transformation of the given black hole
spacetime, it is possible to calculate the comoving veloc-
ity of an observer just by using the metric functions. We
have checked our results with already existing calcula-
tions [64] for the Schwarzschild de Sitter black hole using
our approach and found an exact agreement. Thereafter,
using this expression for the velocity of the comoving ob-
server with respect to a static observer, we found the gen-
eral expressions for the angular radius of the shadow with
respect to the static and comoving class of observers. We
also showed that this formalism is not only constrained
to Einstein’s general theory of relativity, but could be
extended to include modified gravity theories. Three dif-
ferent test cases, the Reissner Nordstro¨m de Sitter, the
recently proposed 4 dimensional Gauss Bonnet de Sitter
and the 5 dimensional charged Gauss Bonnet de Sitter
black hole solutions, were studied using our formalism
and we found some similar results as in [64] regarding
the nature of the black hole shadow.
Although we constrained our study to five dimensional
black holes, this formalism can in principle be extended
to higher dimensions, as mentioned above. The impor-
tant ingredient for the comoving shadow, the comoving
velocity is found for d-dimensional spacetime and hence
by looking at null geodesics in d-dimensional spacetimes
and figuring out the static shadow, the comoving shadow
can be found by using the general expression for comov-
ing velocity Eq. (23) and the aberration formula.
An interesting study for the future will be to see if
our formalism can be extended to general axisymmetric
cases. As noted in [65], comoving observers can only be
defined in the far away region from the black hole in the
axisymmetric case. We plan to present the results of such
studies in future communications.
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